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Abstract

U-statistics form a general class of statistics which have certain
important features in common. This class arises as a generalization of
the sample mean and the sample variance and typically members of the
class are asymptotically normal with good consistency properties. The
class encompasses some widely-used income inequality and poverty

measures, in particular the variance, the Gini index, the poverty rate,



average poverty gap ratios, the Foster-Greer-Thorbecke index, the Sen
index and its modified form. This paper illustrates how these measures
come together within the class of U-statistics, and thereby why U-
statistics are useful in econometrics.
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1 Introduction

Sound income inequality and poverty measures and reliable statistical proce-
dures have become increasingly important in policy making. When economists
measure income inequality or poverty on the basis of sample data, they need
to select appropriate statistical methods for each chosen measure. There
are generally two broad categories of methods in the literature: asymptotic-
theory-based and simulation-based methods.

In the first category, various methods have been proposed. Halmos (1946)
initiated the discussion of U-statistics. Hoeffding (1948) generalized the re-
sults of U-statistics and, based on this class, discussed the Gini index as a
function of U-statistics. This approach was revived by Glasser (1962) and
Gastwirth (1972) for both the Gini index and Lorenz curves. Then, Gail and
Gastwirth (1978) and Sandstrom, Wretman, and Walden (1988) considered
statistical inference for the Gini index along similar linesH More recently, U-
statistics have been used primarily for the Sen index of poverty intensity and
its various extensions by Bishop, Formby and Zheng (1997, 1998, 2001), and
Zheng, Formby, Smith and Chow (2000)E| Obviously, this approach can be
further extended. As noted by Xu and Osberg (2002), the Sen and modified
Sen indices of poverty intensity share a similar mathematical structure, which

ensures that U-statistics are applicable to the modified Sen index within a

! Along somewhat different paths, Nygard and Sandstrém (1981) and Aaberge (1982)
discussed the issues of statistical inference for the Gini index. For example, Nygard and
Sandstrém (1981) used the approach of Sendler (1979).

’Differing from the approach of Bishop, Chakraborti, and Thistle (1990), the use of
U-statistics avoids the need to employ a finite number of quantiles or order statistics to
compute income inequality and poverty measures.



more general frameworkﬂ

In the second category of methods, statistical inference is made on the
basis of simulation. Yitzhaki (1991) and Karagiannis and Kovacivic (2000)
propose the jackknife for the Gini index. Xu (1998) and Osberg and Xu
(2000) advocate the bootstrap for the modified Sen index of poverty inten-
sity and its components. Biewen (2002) provides a comprehensive review
on the bootstrap for the family of generalized entropy measures, Atkinson
indices, the coefficient of variation, the logarithmic variance, Kolm indices,
Maasoumi-Zandvakili-Shorrocks mobility indices, Prais mobility indices, and
the Foster-Greer-Thorbecke poverty index. While Biewen does not consider
the Gini index and the Sen and modified Sen indices, he does mention the
usefulness of U-statistics for the Gini index [

Can U-statistics be used for all of these widely-used income inequality
and poverty measures? This paper shows that U-statistics can be applied to
the variance, the Gini index, the poverty rate, mean poverty gap ratios, the
Foster-Greer-Thorbecke (FGT) index, the Sen index, and the modified Sen
index. This generalization is achieved because the sample counterparts of
these inequality and poverty measures can be expressed either as U-statistics
themselves or as functions of U-statisticsP] Within the framework of U-
statistics, this paper therefore provides the suitable estimators for these im-

portant income inequality and poverty measures and develops the asymptotic

3Anderson (2004) notes that some statistical procedures with point-wise estimation
and comparison of underlying distributions are biased. This observation further justifies
the use of U-statistics.

40gwang (2000, 2004) proposes a simplified approach for the Gini index based on the
jackknife.

5 Within this broader category, it should be noted that a number of authors propose
simplified methods for computing the Gini index [see Giles (2004)].



distributions for these estimators.

The remainder of the paper is organized as follows. Section 2 introduces
the basic notation and definitions of various inequality and poverty measures.
Section 3 explains U-statistics and their application to these measures. Fi-

nally, concluding remarks are given in Section 4.

2 Inequality and Poverty Measures

Let F}, and f, be the probability distribution function and probability density
function, respectively, for income y with the support [0, —I—oo).E] Let 0 < 2 <
+00 be the poverty line. Let the indicator function be: I(A) = 1if A is true;
I(A) = 0 otherwise. The poverty gap ratio of the population is defined as

x = (Z‘y) I(y < 2). (1)

z

The poverty gap ratio of the non-poor is zero. The poverty gap ratio of the
poor is therefore z, = {z|0 < z < 1}.
The variance and the Gini index are the simplest measures of income

inequality[] The variance is defined as

= [ -m) s @

®Both F, and f, can accommodate either discrete distributions, or continuous distri-
butions or a combination of the two.

"The variance of logarithms is another inequality measure, the estimator of which can
be viewed as a U-statistic. But this measure is not desirable, as pointed by Sen (1973),
because it violates the principle of transfer. Foster and Ok (1999) also find that the
variance of logarithms is not only inconsistent with the Lorenz dominance criterion but is
also capable of making very serious errors.



where p, = f0+°° ydF,(y) is the mean of income y. This measure possesses
good theoretical properties—absolute inequality invariance, symmetry, the
principle of the transfers, the principle of population, and subgroup decom-
posability [see Chakravarty (2001a, 2001b)] and, hence, is used widely [see
Sen (1973) and Chakravarty (1990)].

The Gini index, which is defined in equation below, is probably the
most widely-used measure of income inequality. This measure can be defined
in various ways [see Yitzhaki(1998) and Xu (2003)]. The relative mean dif-
ference approach links the Gini index directly to U-statistics [see Hoeffding
(1948)] while the normative approach links the Gini index directly to the Sen
and modified Sen indices [Xu and Osberg (2002)].

The absolute mean difference is defined as the mean difference between

any two variates of the same distribution function F,:

Ay = Elyi -yl (3)

where £ is the mathematical expectation operator and y; and y; are the
variates from the same distribution F,. The relative mean difference is the

mean-scaled absolute mean difference:

4,y _ Elyi — y;|
Hy Hy

The Gini index is defined as half of the relative mean difference:



Defining an inequality or poverty measure with respect to a class of un-
derlying social welfare functions is called the normative approach to income

inequality or poverty. Given the Gini social welfare function

W) =2 [ - B )Rw) (©)

and the corresponding equally-distributed-equivalent income (EDEI)H

Zat) = oy = o =2 [y - REW. 0

ty, — Za(y)
Gy=— , (8)
oy
which implies
Ea(y) = p, (1 —Gy). 9)

The most popular poverty measure is the poverty rate or headcount ratio:

H=Ply<2) =R = Ity < 2)dm, ) (10)

which indicates the proportion of the population whose incomes fall below

the poverty line z. The other two often-cited poverty measures are the mean

8For the discrete distribution We(y) = [ y(1 — F, y(y ))dF (y)= 5> (2n—2i+
l)yZ The term —z 37" | (2n—2i+1)y; can be rewritten as 2 Y7 | (1— £+ 5-)y;, in which
(1- —n) is a discrete representation of the rank- babed weight in the continuous case
(1-



poverty gap ratio of the poor:

Jo > Iy < 2)=4dF,(y)
f;oo I(y < z)dF,(y)

(11)

Mz, =

and the mean poverty gap ratio of the population:

z

+o0 z—y
py = Hpy, = I(y < z) dFy(y). (12)
0

The former measures the depth of poverty among the poor while the latter
gauges the depth of poverty of the whole population.

The poverty rate and mean poverty gap ratios are criticized by Sen
(1976) because each alone cannot capture all important dimensions (inci-
dence, depth and inequality) of poverty. It is also worth noting the FGT
index of poverty proposed by Foster, Greer, and Thorbecke (1984) is closely
related to H and p, . The FGT index of poverty with order « is defined as

FGT, = /O+OO I(y < 2) (z - y)adFy(y). (13)

z

The parameter a can be set to 0, 1, 2, 3, etc. and the higher the value of «
the higher the degree of poverty aversion that is imposed on the FGT index.
If =0, then FGTy = H. It o =1, FGT} = Hy, = p,. When a > 2,
FGT, can measure the degree of inequality. It is its additive decomposability
that makes the FGT index attractive to applied researchers.

The Sen index of poverty intensity (S), which incorporates the incidence,

depth and inequality of poverty simultaneously, can be defined according to



Figure 2 in Xu and Osberg (2002, p. 148):E|

5:2/0+001(y<z) (Z;y) (1;;25”)) dF,(y). (14)

The Sen index can be viewed as the product of three poverty measures—H

(incidence), p, (depth), and (1 — G,) (inequality):
S=H p,-(1-G,) (15)

as shown in Xu and Osberg (2002).@ In view of equation @, it can be shown

9When the income distribution is discrete, given that q v;’s out of n y;’s are less than

2 & (Z—yz> 1—44 L 1 < (z_y,)
S == n_In | — ) (2n—-2i+1).
qz z = q2; Yi ( )

=1

2,

1-F,(y)
n Fy(z)
0Note that Bishop, Formby, and Zheng (1997) have derived asymptotic statistical re-

sults for
S=H|p +10-p, )G, [—L
Tp Tp Yp q+1

where G, is the Gini index of incomes of the poor (y,). This paper focuses on the large
sample version of the above

_ig 1
Note that (1‘%) corresponds to ( ) in the continuous case.

S=H [u% +(1 - uxp)Gyp}

where as n — o0, ¢/(g+1) — 1. Xu and Osberg (2002) have noted that if G, is computed
based on z, arranged in non-increasing order, then

S=H-p, (1-Gyg,);

otherwise, we have
S=H: p, -(1+Gyg,).

A similar argument can be made for

Sm=H - py - (1-Gy).



that
S = H'/,pr‘(l_Gmp)

= H- EG(%}) (16)
_ e 20y Hy<o) =22 (L) ar o)
= fo I(y < 2)dF,(y) f+°° I(y<z)dFy(y)

:2f I(y < 2) 7y<%3’()>dF()
The modified Sen index can be defined according to Figure 3 in Xu and
Osberg (2002, p. 149){T]

so=2 [ <o (L) a-Ranw. o

z

which is the product of three poverty measures—H (incidence), u, (depth),
and (1 — G,) (inequality){?]

S =H - p, - (1-Go) (18)

as shown in Xu and Osberg (2002). Because Hpy, = p, and in view of

H'When the income distribution is discrete,

() (o) -y (5

i=1
Note that (1 — £ + 5-) corresponds to (1 — F,(y)) in the continuous case. Both are the
rank-based weights.

12 When the income distribution is discrete, given that ¢ y;’s out of n y;’s are less than

B (-1 2)- e

3o

) (2n—2i+1).

Note that (1 — 2

X
n

+ 5-) corresponds to (1 — F,(y)).

10



equation @, it can be shown that

Sm = H'Nmp'<1_Gx)
= Eg(ﬂf)
= Qf

(19)

= (1= Fy(y))dFy(y).

3 Statistical Inference Using U-Statistics

In this section, the links between U-statistics and the inequality and poverty
measures are examined on the basis of one-sample U-statistics/™|
Consider a generic estimable parameter () of the population distribution

function Fj:

6 —/ / Y1, Ym)dFy (1) - - - dFy(Ym) (20)

where ©(y1,...,Ymn) is a symmetric function of m independent identically
distributed (i.i.d.) random variables, called the kernel for ] The smallest
integer m is called the order of . Then the corresponding estimator (U) of

the parameter 6, called a U-statistic, is defined as the function of an i.i.d.

13 For a general introduction to the U-statistics, see Hoeffding (1948), Randles and
Wolfe (1979), Serfling (1980), Lee (1990), and Bishop, Formby, and Zheng (1998).
14When the kernel ¢* (+) is not symmetric, it can be modified to be symmetric by using

O, Ym) = & > pes®” (W1,...,ym) where the summation is over B = {8|3 is a
permutation of the integers 1,...,m}.

11



sample {y1,y2,...,y,} from F:

= ;Zw(yal,---jyam) (21)

n acA
m
. . n .
where A is the collection of all unordered subsets of m integers
m
chosen without replacement from the set {1,2,...,n} and « is any one of

those unordered subsets. It can be shown that the expected value of the
U-statistic U is 0; that is, E(U) = 0.
The sample proportion, a U-statistic for the estimable parameter of order

1 ( 6, = F,(z)) with the symmetric kernel for ¢,(y) = I(y < z), is given by

Uy = Fy(z ZI Y < 2) ZI Y < 2) / I(y < z)dF,(y),

where ﬁy is the empirical counterpart of F}. U; is an unbiased estimator for
6, = Fy(2) = 0+°° I(y < z)dF,(y). Uy can be viewed as the estimator of
the poverty rate H. The sample mean, another U-statistic for the estimable
parameter of order 1 (6, = p,) with the symmetric kernel for the ,(y) = v,

is given by

12



+oo

which is an unbiased estimator for 6 = |,

ydF,(y). This U-statistic has a
number of commonly seen examples such as the sample mean income (ﬁy),
the sample mean poverty gap ratio of the poor (i, ), and the sample mean
poverty gap ratio of the population ( i,). The sample variance, another U-

statistic for the estimable parameter of order 2 (63 = o) with the symmetric

kernel ©g(y1,42) = 3(y1 — y2)2 [ is defined ad™

1 1 1 -
3 =0, - ;2(?; v;) 7D Zly nii;
2
+o0
- / (v — 1y dE, (1), (23)

15 Note that this kernel is made to be symmetric from a more intuitive but nonsymmetric
one. For 02 = E(y®) — E(y)E(y), a more intuitive but nonsymmetric kernel is either
01 = Y? — Y1Y2 OF Yy = Y3 — yoy1. To make it symmetrical, the new kernel is the average
of two nonsymmetric kernels.

1

1[(yf —y1e) + (3 — v2v1)] = 5 (1 —10)*.

1
03(y1,92) = 5 (01 +p2) = 5

2

'% Note that >, ; represents the sum of all cases where 1 < i < j < n while 371",
represents the sum from ¢ = 1 to i = n. Therefore,

~2 2
Oy = ;L ZKJ‘%(%—QJ‘)
2

2
= n(n271) Zi<j % (yi — yé)
= n(ni—l) Zi<j (yl - yj)
= n(n—1) Zi<j (y12 + yj2 - 2yzyj)
n n 2
= n(nl—l) [" iy = n (i i) ]
n n 2
= (n£1) D {%2 — o (O2im1 Yi) ]
n ~2
= (nil) (Zi:1 Y7 — nﬂy) .

13



which is an unbiased estimator for 3 = fo (y—mn,) )2dF,(y). The population
variance is a measure of income inequalitym
It is now useful to introduce the variance of a generic U-statistic U. First,

let the conditional expectation of the kernel function of order m be

()Oc<y1) y27 A ’yC) = E[so(y17 :va ttt 7yc7 }/;+17 c 7Ym)] (24>

on the basis of ¢ (¢ < m) out of m i.i.d. random variables (while Y.i1,...,Y,

are not conditioned on) and its variance be

Cc = VCZT[QDC<y1, Ya, - - 7yc)] = E[@z(ylay% cee >yc)] - 937 (25)

where 6, is the mean of ¢, (y1, v, . . . ,yc).ﬁ Second, it can be shown that the
variance of the generic U-statistic, Var(U), for the estimable parameter 6 of

order m is given by

m
n m n—m
Var(U) = Z . ST (26)
m i=1 7 m —1
-1
) n m n—m ) )
The terms in convey useful information: there
m 1 m—1i
n ) m
are ways selecting m out of n elements; then there are ways
m 7

1"The sample absolute mean difference is also a common example and will be introduced
later. The coefficient of variation is a function of two U-statistics—the sample mean and
variance.

18 Note that ¢ represents any c of m observations. Fraser (1957, p. 224-225) and Randles
and Wolfe (1979, p. 64-65) provide an intuitive explanation on (..

14



n—m
of selecting 7 out of m elements; and ways of selecting (m — 1)
m—1

out of the remaining (n — m) elements.

The above definition of the variance of a generic U-statistic can be used to
find the variances for the following three U-statistics—the sample proportion,
the sample mean and the sample variance. For the sample proportion, m =1,

o1(y1) = I(y < 2), y1 is known or conditioned on. and

~ n ! 1 n—1
Var(F,(z)) = , Z G = %Var(](y < 2))

i=1 1 1—1

- [ < aranw - BeF] -

REL-FE) o

n n

For the sample mean, m = 1, ¢,(y1) = y1, y1 is known or conditioned on,
and

-1

NS

Var(i,) =

G = %Var(yl) =

! 1 n—1
. (28)

i=1 \ ¢ 1—1

For the sample variance, m = 2 and a few steps must be taken. Given that

Y1 is known,

1 1
(1) = E {5(?;1 — 3/2)2] = 5loy + (1 — 1)) (29)
When both y; and y, are known,

©a(y1,12) = %(yl — ). (30)

15



Here, the derivation of ¢, (y1) is based on o} = E(Yy) — p2. From the above,

o= Var {312+ (n = )1} = 0= b (31)
and
6o = Var | — | = 5o+ (32

where ji, is the 4th raw moment of FyH Substituting ¢; and ¢, into the

following expression yields

-1

2 J—
Var(/a\i) = ! Z 2 ! 2 G (33)
2 i=1 ] 2—1
-1
n
=1, (2(n = 2)¢; +G,) (34)
B S
o * nn—1) n(n-—1) (35)
py — o 20
= — y+n(n_y1) (36)
4
_ M - % o). (37)

As can be seen from the above, the asymptotic variance of the sample variance

4
. —0
15”4—nyasn—>oo.

The above results can be generalized to the case of s U-statistics. The
joint limiting distribution of U; of order m;, for i = 1,2,... s, is a multi-

variate normal distribution. If F,(y) is continuous and has a finite variance,

19 The detailed derivation of the above results can be found in Serfling (1980, p. 182,
Example A).

16



which implies E[@;(y1. ..., Ym,)]* exists, then, as n — oo, the joint distribu-

tion of
[V (Uy = 61),vn(Uy = 63),....,/n(Us = 6,)] (38)
converges to the multivariate normal distribution with mean zero and variance-

covariance matrix {mimj(ij} with 4,5 =1,2,...,s and

Cz] =FE [Soz(yl, s 7ymz) ! @](yl, e Ymys Ymg+1, - - - 7y2mj—mi>] - 0103 (39>

with m,; < mjﬂ
To make sense of the joint limiting distribution with a concrete example,

let s = 2 and let the two U-statistics be the sample mean and sample absolute

DE [0i(yn, - ym.) - (U1, - Y Ymy+15 - - - Y2m, —m, )| is a conditional variance if y..,
¢c=1,2,...,m;, are known. According to Hoeffding (1948, page 304, equations 6.1, 6.2,
and 6.3) and Lee (1990, pages 11-12, Theorem 2 and its proof), this can be illustrated by
the following. Note that

/---/(pi(yL...,ymi) ﬁ dFy(yi) = ¢c(y, - ye)

1=c+1
and
2mj;—c
/~-~/%(yl,---,yc,ym,-+17~-~,yzmj—c) I 4Fw) = eclvr, - e)-
i:mj+1
Hence,

=

I:QOZ yl, ~‘7ym1) Soi(yl,~"7yc7y’m]'+17"'7y2mjfc):| —_—
f f(p "7ymz) (pi(yL"’7ycaym]+17~~~7y2mjfc)nirf CdFy(yz)
f f{f f‘pz Y, - "7ym7t)H1 ¢+1dF yl}x

2mj—c c
f f‘P (v, - ~-»ymym]+17~~792m]fC) Hi:rjnj—',-l dFy(yi)}Hizl dF,(y:)
[ S 02w, ye) iy dFy (vi)
E g2y, ~~,yc)]'

[l ==

17



mean difference]]
1 n
U =1 == 5 40
1= 0y = ;:1 y (40)

is the estimator for 6; = p, and

~ 2
=N\, = — E S — Y 41
Uz Yy n(n—l) < |yz y]l ( )

is the estimator for 6, = A,. Here my = 1 and ms = 2; ¢,(y1) = y; and

©2(y1,y2) = |y1 — y2|. Hence,
mi¢y = E [?Jﬂ — 07 = () (42)
is the variance of \/n (U; — 61),
mg(m =4 {E [|?Jl - y2|2} - 83} = 4¢(0) (43)
is the variance of \/n (Us — 63), and

mimaCry = 2[E (y1ly1 — yal) — 0102
= 2 Ufyl|?/1 — Ya|dF,(y1)dFy(y2) — 9192} (44)
= 2((01,02)

is the covariance between y/n (U; — 61) and \/n (Uy — 65).

21 For simplicity, we freely redefine U;, i = 1,2, 3, ... from time to time.

18



The consistent estimators for ¢ (61), ¢ (62), and ¢ (61,02) ard?]

Co) = (Z v - nUf) , (4

~ 2
C(HQ):n(n—l)(n—Q)

x> v = yslly = wel + lyy — villyy — wel + lvx — willye — y;} = U3, (46)

i<j<k

and

-~

C(01,0,) = Z(yi+yj)|yi_yj| — U, Us. (47)

1
n(n —1) o

One of the important applications of the asymptotic distribution of U-
statistics is to establish the asymptotic distribution of the sample Gini index.
Based on the knowledge that the sample Gini index of incomes y is half of
the relative mean difference which is the ratio of the sample absolute mean
difference to the sample mean, as pointed by Hoeffding (1948), the sample
Gini index, CA;'y = 2%‘/, has an asymptotic normal distribution. More precisely,
as n — oo, \/ﬁ(éy - QATZ) converges to a normal distribution with mean 0

and variance:

A2 A 1
Y _ v A+ —=C(A). 48

where the population parameters for y, and A, in the ¢ functions are used

replace #; and 02.@
The key application of the asymptotic distribution of U-statistics pre-

22 See Bishop et al. (1997).
23 Nygérd and Sandstrom (1981, p. 384) give an estimator of the asymptotic variance
of éy as
@“(@y) =

19



sented in this paper is to establish the asymptotic distributions of the sam-
ple Sen and modified Sen indices and their components. This will be more
involved. In the Sen index S = H - u, - [1 - G,,] and the modified Sen index
Spmo=H-p, - [1 — G,], the Gini index of poverty gap ratios of the population
G, and that of the poor G, differ from the Gini index of incomes G,. It can
be shown that?]]

1 +o0 400
Gz = 3 / / [(y1 < Z)I(yg < Z)’yl — ’yz‘dFy(’yl)dFy(yg) (49)
20,2° Jo 0
and
1 o0 +o00
™ = I I — yo|dF, (y1)dF, (o).
s = G,y 10 < 9 < o A )R )

(50)

That is, the sample estimators of H and p,  are U-statistics and the sample
counterparts of G, and G, are functions of U-statistics.

It is now necessary to find the estimators for H, P> Gz, Gz, S and

Sy, and their asymptotic distributions. Given the sample of size n from F),

{y1,y2, ..., yn}, the U-statistic

n

1

UlzﬁZ[(yi<z):fAI (51)
i=1
Ti’f {mm <;’ i) - (;) <i)] <QZ; Lo éy) (2jn_ Lo @,) (Wit1=y) (Y5+1—Y;)-

i=1 j=1

24 See Appendix A.

20



is an estimator for H. The U-statistic
1 & .
Uy = ” Zyil(yi < z) =y (52)
i=1

is an estimator for p, .. Then the estimator for p, is given by

_ U
i, = U, (1 - Z—U21> . (53)

The estimator for y, is given by

A, =12 (54)

The sample absolute mean difference for y < z is given by

1 n n
Us=————3 lyi =yl (ys < 2)1(y; < 2). (55)
(ol —1)) 2 25 v f
According to equation , the estimator of G, is a function of the U-
statistics Uy, Uy, and Us,

Us

22’3U1 ( — Z[]T21>

G

(56)

Based on equation , the estimator of G, is also a function of the U-
statistics Uy, Us, and Us,

Us

207 (1- )

G,

21



Since S (S,,) is a function of H, [y, and @xp (or G,), combining equations

, and [or ] yields

223U12 — 222U1U2 — U3
223U1

S = (58)

and

3 2
5 - 22°U, —22223U2—U3. (59)

To understand the consistency of the above estimators, note that they
are continuous functions of U-statistics without involving n. Also, assume
that these functions have their second order partial derivatives in the neigh-
borhood of the true parameters 0, 65, and 05. Under these conditions, these
estimators are consistent and have an asymptotic joint distribution [see Ho-
effding (1948), Theorem 7.5]: the U-statistics Uy, U, and Us are consistent

estimators for

- [ " Ity < 2)dE, ). (60)

o= " Iy < 2ydBy ), (61)

and

b, — / N / " s < )y < 2)lys — woldF,()dF, (), (62)

respectively. If F, is continuous and has a finite variance, then, as n — oo,

the joint distribution of

Vn(U—-6)= [\/E(U1—‘91)7\/E(U2—92)7\/5(U3—93)}T (63)
converges to a multivariate normal distribution function with mean zero and
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variance-covariance matrix

01(1—01) 6(1—061) 205(1—6y)
=1 0y(1—-6y) C(02) 2((62,03) (64)
205(1—61) 20(62,85)  4C(6y)

where
+oo
o= [ 1< 2R - 6 (65
0

oo = [ Tt <2 (/ " I < 2l - y2|dFy<y2>)2dFy<y1> ¢,
(66)

and

cOnts)= [ [ an < 1 < s~ pldF ()R ) 08
0 0 ()
respectively [see Hoeffding’s Theorem 7.1 (1948) and Bishop, Formby, and
Zheng (1997)].
Given that the estimators of H, s Gy, Gz, S and S, are functions of
U-statistics—U;, Us, and Us—and that /n (U — ) % N(0,X), we can find

the limiting distributions for the following two vectors of the estimators
a=[H,7i, ,G,,, S (68)

and

Q= [H,7i, , Gy, Sp]" (69)

for the Sen index and its components and the modified Sen index and its
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components, respectively. The functions hi(w) = wi, ho(w) = 1 — 22,

223w2 —222 w1 we —w:
o) = gty M) = iy ) = TR,
1 1

3001 —222 00 — - ~ ~
and A (w) = 2“”122# can be used to define & and a,,,:

&= [H,ﬁ é§]T — H(U) = [l (U), ho(U), hs(U), ha(U)]T  (70)

and

6= [H . G 8] = Hu(U) = [ (U)oU), his(U). s (0]
(71)

Similarly, these functions can be used to define a and a,,:
&= [Hopy Gy ] = H(O) = [14(0), ha(0),15(0), @) (72
and
Q= | H, iy, G, Sm}T — H,.(0) = [11(8), 12(8), hs(8), hona (0)]T . (73)

Define T = g—g]w:g or

1 0 0
b2 -1 0
2 0
T — 207 201 _ (74)
03(02—2201) 03 1
22203(201—02)%  22201(201—02)°  22201(201—02)
22302 +03 1 1
L 22362 z 22301
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Define T,, = %Hm | 4 or

ow
1 0 0
02 1 0
T = ﬁ 201 (75)
" —03 03 1 ’
22(201—02)%  222(201—02)%  222(201—02)
1 1
L 1 Tz T2

As n — o0, the joint distribution of

V(e - a) (76)

converges to a multivariate normal distribution with mean zero and variance-
covariance matrix

Q=TXT'. (77)
Similarly, as n — oo, the joint distribution of

\/ﬁ(am - am) (78)

converges to a multivariate normal distribution function with mean zero and

variance-covariance matrix
N T
Q,=T,YT,,. (79)

2 and €2,, must be estimated. To do so, one must estimate 6, 05, 03,
C(62), ((B3), and (62, 65) by Uy, Us, Us, ((6:), C(8s), and ((8s,65). Uy, Ua,
and Uj are given by equations , , and , respectively. 2(02), 2(03),
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and 6(02, 03) are given, respectively, by:

C(02) =

(Zy (y; < 2 —nU2> (80)

() = n(n—1)(n—2) ig;kﬂyi_yjHyi_yk|+|yj_yi||yj_yk|+|yk_yi||yk_yj|}
X I(y; < 2)I(y; < 2)I(yx < 2) = U3, (81)
and
(02 00) = s S+ )l = (s < )10, < 2) = Ualls. (52

1<J

This completes the explanation on why the U-statistics can be used to handle
the statistical inferential issues for the Sen and modified Sen indices and their

components.

4 Concluding Remarks

Considering the fact that U-statistics are not introduced in conventional
econometric textbooks, this paper advocates the use of U-statistics for in-
come inequality and poverty measures with special focus on the variance, the
absolute/relative mean difference, the Gini index, the poverty rate, the mean
poverty gap ratios, the Foster-Greer-Thorbecke (FGT) index, the Sen index,
and the modified Sen index.

The framework and general results for the U-statistics illustrated in this

paper are useful for establishing statistical procedures for widely-used income
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inequality and poverty measures. The U-statistics approach for income in-
equality and poverty measures represents a more attractive alternative to the
approach that depends primarily on a limited number of quantiles or order
statistics because the U-statistics approach uses all, rather than parts of, the
sample information.

Although the variances of some U-statistics may appear to be complex,
they are merely complex functions of conditional expectations. The literature
on U-statistics also suggests that these quantities can often be estimated by

the bootstrap method.
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Appendix A. Definitions of G, and G,,
From the statistical point of view, the Gini index of income inequality

can also be defined as half of the relative mean difference

1 +oo  ptoo
Yo /0 |91 — Yol dFy (y1)dFy (y2) (83)
Yy
or
1 +oo  pHoo
Y 2, Jo /O 1 = vol £y (Y1) fy (v2)dyndys (84)
y

where y; and y, are two variates from the same distribution function F,. The
Gini index of the poverty gap ratios of the population G, and that of the

poor G, differ from the Gini index of incomes G,. The poverty gap ratio

is a function of income; that is, z = g(y) = =¥ for y < z and z = 0 for

y > z. The Gini index of poverty gap ratios of the population should be
defined on the probability density function of x, f, while that of the poor
should be defined on the probability density function of x, f,,~0 = %
The support for f, is [0, +00) and that for f, and fyz~0 is [0,2). To find f,

and fyz>0, note that v = g(y) = max{0, =¥} and y = g z) =201 — ).

Thus, fu(x) = f,()|5] = 2f,(y) and fopso(2) = 555 (y) for y € [0, 2],
which corresponds with € [1,0]. G, and G, can be defined as

1t
Ga; = 9 / / |JZ1 - :E2|fx($1)fx(x2)dx1dx2 (85)
:ux 0 0
and
1 1 1
Tp = 2 / / ’.171 - -TQ‘fﬂv|z>0(.Tl)fx|z>0<x2)d$ld$2’ (86)
/’sz 0 0

respectively. Substituting z = g(y) = max{0, =%}, f.(z) = 1f,(y), and

oz
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Jajeso(x) = m fy(y) into the above expressions and changing the limits
yields
Go=g [ = wl ) e, D

and

1 1
G., = 2,%1)// y(z)f<yl)mfy(y2)dyldy2, (88)

respectively. After some rearrangements, these expressions become

+o0 +00
G, = 3 / / I(yr < 2)1(y2 < 2)|y1 — yeldFy(y1)dF, (y2)  (89)
20,2° Jo 0
and
+00 “+o00o
Gy = I I — ol dF, (1) dF, (),
! 2Mxpz3[Fy(Z)2] /0 /0 (1 < 2)(y2 < 2)|y1 — y2ldFy(y1)dFy (1)

(90)

respectively. The above can be verified using simple numerical examples.ﬁ

25 The two different ways of computing G, and Gy, can be illustrated by using the
following data. Let y = [1/2,3/2,2,4]" and z = 2. Then, p, = 2, ;r =[1/2,3/2,2,2] ,
x = [3/4,1/4,0,0)'and x, = [3/4,1/4]". From the above, u, = 1/4 and p, =1/2. Using
the data set, the two approaches,

TUool42\4 4 4 4 4 4 4 4 4 4) 38

and
a 1 2,83,83,2, 1. 1.3 1.3 1) _5
Tooob23(d242\2 2 2 2 22 2 2 2 2) 8

give the same answer. Similarly, using the data set, the two approaches,

1 2 2 1
GQE = —_ —_ = -
v o2()22 (4 * 4) 4
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and

give the same answer.
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